Advanced Microeconomics I

Fall 2024 - M. Pak

Problem Set 5: Suggested Solutions

1. Consider an Edgeworth box economy where preferences are given by
u1(z11,721) = 11721 and  ua(w12,722) = T12 + In w22,
and the initial endowments are
wi =(0,1) and wy=(1,1).

Find the Pareto set, using 11 as the parameter. (Be sure to pay attention to
the boundary of the Edgeworth box, where slopes of the indifference curves
being equal is not necessary for Pareto optimality.)

Solution: Interior Pareto optimal allocations occur where M RS1 = M RSs.
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Substituting z9s = 2 — x21 and solving gives us
2.7}11
T2l = 2X11 — T11T21 —> T2l = .
1+21

So, interior Pareto optimal allocations are

2x11 2711
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{< H 1+1711> < H 1+:L‘11> H }

To find the boundary Pareto otimal allocations, note that when x1; = 0 or
91 = 0, consumer 1’s utility is zero. So, any allocation on the left or the bot-
tom edge of the Edgeworth box (other than the corner point, ((0,0),(1,2)))
cannot be Pareto optimal since consumer 2 can be made strictly better off with-
out making consumer 1 worse off by moving to the allocation ((0,0), (1,2)).

Next, the allocations in the top half of the right edge,

{(1,291), (0,2 —x91) : 1 <z <2},

are Pareto optimal since at these allocations, consumer 1’s indifference curve
is steeper than the consumer 2’s indifference curve. So, these allocations are
Pareto optimal.



At allocations in the top edge, consumer 1’s indifference curve is steeper than
consumer 2’s. At allocations in the bottom half of the right edge, consumer
1’s indifference curves are flatter than consumer 2’s. So, these allocations are
not Pareto optimal since there are exact allocations that make one consumer
strictly better off without making the other consumer worse off.
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. (MWG 15.B.2) Consider an Edgeworth box economy in which consumers have
the Cobb-Douglas utility functions uq(z11,z21) = x?lacél_a and wug (212, x22) =
xfzwég_ﬁ. Consumer i’s endowments are (wi;,ws;) > 0, for i = 1,2. Solve
for the equilibrium price ratio and allocation. How do these change with

differential change in wq1?.

Solution: Normalize by setting po = 1. Then solving the utility maximization
problem yields the following demand functions:
_a(prwrr +wa) Qwa1

= — 2 —awi +
b1 b1

Bwaz
= ———" = fBwip +
b1 p1

To find the equilibrium price, we use the market clearing condition for good
2:

121(p*) + w22(p*) = wa1 +waz = (1 — a)(pjwi +wa1) + (1 — B)(piwiz + waz) = wa1 + w2
= pi (1 — )wir + (1 — Blwiz) = awsr + Pwan
aws + Pwa
(1—-a)wir + (1 —Bwiz

—p] =

The equilibrium allocations are found by substituting p* into the demand



functions:

" Qw21 Qw21 ((1 —awi + (1 — 5)%2)
Ty = awil + — = awql +
Py away + Pwag
awa1 + Bwar

x5 = (1 — a)(prwir + we21) = (1 — a)wny <(1 = a)on + (1 = Bl
Buwaz

Bwaz ((1 — a)wir + (1 = B)wiz
Tiy = Pwiz + —— = Pwiz + ( ) ( Jo12)
D] awg1 + Bwaz

33 = (1 = B)(prwiz + wa2) = (1 = Flwrz <(1 — :)‘Zi i (6100325%12

) + (1 — )way

)+ (1= B

Thus, we have:

opp _ (1 — a)(aws1 + Pw2r) <0
&")11 ((1 — a)wn + (1 — ﬁ)wlg)Q
ox] 1—
Ty awn(l —a) >0
w1 awsy + Bwaz
8 *

T2 > (0 by carefully differentiating
Qw11
0xiy . .
—= >0 by carefully differentiating
Ow1
Oy * Oy,
== — =— < 0.
Owi1  Own oz = a3 w11

3. Consider an Edgeworth box economy where preferences are given by
ur(r11,291) =211 +Inwoy  and  wug(w12, T22) = T12722,
and the initial endowments are
wi =(1,3) and w2=(3,1).

(a) Using the normalization ps = 1, Find all the Walrasian equilibrium. You
may assume that the solution is interior.

Solution: To find consumer 1’s Marshallian demand, we solve

max 11 +1nwor s.t. pixir + paxor = p1 + 3p2
T11,T21

Setting MRS = price ratio yields

b1
ro1 — —.
b2

Substituting this into (3) yields:

D1 3p2
p1T11 + P2 <> =p1+3p2 = T11=—.
D2 p1
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Note that this also shows that there are no boundary solutions in this
case. So, Marshallian demand for consumer 1 is:

3p2 p1
$1(p17p2) - s ] -
p1 P2

To find consumer 2’s Marshallian demand function, we note that her util-
ity function is a Cobb-Douglas utility function, so the demand function
is given by

3p1 +p2 3p1+p2
xa2(p1,p2) = o 2 :

Now, we find the equilibrium prices by normalizing ps = 1 and looking

for market clearing prices for the market for good 2:
* T 3pi+1
221(p}, 1) + 222(p}, 1) = wor + wap = p—ll 4 p12 _

. 7
:>p1:5-

4

So, the Walrasian equilibrium price vector is p* = ( %, 1), and the corre-
sponding Walrasian equilibrium allocation is:

x] = BT and x5 = 1313
"\ 70s > \775 )
Verify that the first welfare theorem holds.

Solution: At the Walrasian equilibrium allocation, we have

X 13
_ Lo 7

_my T 3 _
MRSlm,{— 1 =% and MRSQIT—xikQ—%—H
Since MRSy . = MRSy ., (z7,23) is Pareto optimal, as required.
1 2

Can the allocation & = (Z1,22) = ((1,1), (3,3)) be supported as a Wal-
rasian equilibrium with transfers? If yes, find the supporting prices and
transfers. If no, explain.

Solution: At allocation Z, we have

MRS| =391 =1
MRS, =22 _3 4

T12 3

= MRS, = MRS,.

Thus, Z is Pareto optimal, and the Second Welfare Theorem implies
that we can support this allocation as an equilibrium with transfers.
The supporting prices are given by the MRS of the consumers at this
allocation. That is, ;% = 1. With our normalization, we get p = (1, 1).
So, for transfers,

Ty = (p1,D2) * (11, &21) — (D1, P2) * (w11, w21)
=(1,1)-(1,1) = (1,1)+(1,3) = =2
T, =T, = 2.



4. Consider a pure exchange economy with 2 consumers and 2 goods, where the
consumers’ preferences and endowments are given by

ul(.%'n,wzl) = min{xn,xm} w1 = (6,5)

UQ(.’,UlQ,.fUQQ) = min{xlg,ng} Wy = (6, 5).

(a) Using a carefully labeled Edgeworth box diagram, graph the PO Set.
Solution: Pareto set is the thick area between the two dashed lines.
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Figure 1: Pareto Set.

(b) Using a carefully labeled Edgeworth box diagram, graph the contract
curve.
Solution: Contract curve is the portion of Pareto set where every con-
sumer is doing as well as their endowment. This is the short line segment
in the Pareto set that goes through the endowment point.

(c) Can allocation (21, &2) = ((8, 7), (4, 3)) be supported as a Walrasian equi-
librium with transfers? If so, find the supporting prices and the corre-
sponding transfers. If not, explain.

Solution: Yes, it is possible to support & as equilibrium with transfers.
Supporting price for Z is p = (0,1). The required transfers are

Ty =p1—p-w = (0,1)-(8,7) —(0,1)-(6,5) = 7—5 = 2
Ty = =2

5. Consider a Robinson Crusoe economy where the consumer’s utilitylfunction is
u(xy,xe) = 2Inxy + Inze and the production function is f(z) = z2. Suppose
the consumer’s endowment is w = (5,0).

(a) Letting w and po be the prices of good 1 and good 2, respectively, find
the firm’s unconditional input demand, supply, and profit functions.



(b)

Solution: The firm’s profit maximization problem is:

1
max pgoz2 — wz
z

2
FOC is: %27% —w=0 = z(p,w)= %
g \ 1
y(pa,w) = L2 _ D2
' 4w? 2w
2 2
P2, P2 P
m(p2, w) TP T Yt T mw

As usual, assume that all the profits of the firm goes to the consumer in
this economy and find find the consumer’s demand function.

Solution: In this example, the consumer’s demand can be easily found
by transforming the utility function into a standard Cobb-Douglas form
and applying the usual formula. However, as a practice, we’ll find the
demand by actually solving the optimization problem. The consumer’s
problem is:

max 2lnzy +Inze st wxy + pare < wwy + pows + (P2, w).
1,02

2
== £:2lnx1+lnx2+)\<5w+fz—wxl—p2w2>.
w

Assuming interior solution:

oL 2
) === w=
(1) oxr1 x1 Aw =0
oL 1
2) = —Apy=
(2) Bs 7o Ap2 =0
oL 2
(3) azf)w—i-%—wxl—mxg:o.

From (1) and (2) we can get:

2x9 w 2
X1 D2 w

Substituting this into (3) yields:

2 2
w (pm) + poxo = bw + P2
w 4w

2
5w—|—i%
3p

Suppose prices are (w,p2) = (1,1). Using a single diagram, graph the
consumer’s utility-maximizing consumption bundle and the firm’s profit
maximizing production plan. Is this a Walrasian equilibrium price vector?
Explain.

2 (5w + 52)

and  z1(w,p2) = 0

- $2(W,p2) =



Solution: When (w,ps) = (1,1), 2(1,1) = 1 and y(1,1) = %, while
z1(1,1) = £ and z2(1,1) = I. The graph of the economy is given in
figure 2. As this figure shows, at prices (w,p2) = (1, 1), markets do not

clear. For example,
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Figure 2: Production and Consumption Plan at (w,p2) = (1,1)

(d) Find all the Walrasian equilibrium using the normalization ps = 1.
Solution: We solve for the market clearing condition for good 2:

bw+ g5 1 1
ol =w ty,l) = Mo =
Thus, Walrasian equilibrium price is (w*,p3) = (3,1), and the corre-

sponding Walrasian equilibrium consumption and production plans are
(x7,23) = (4,1) and (2*,y*) = (1,1).



