
Advanced Microeconomics I

Fall 2024 - M. Pak

Problem Set 2: Suggested Solutions

1. Consider a consumer whose utility function over food and clothing is u(x f , xc).
The consumer has income w and faces prices p = (p f , pc). Suppose further that
she lives in a country where clothing is taxed but food is not. Tax on clothing
is ad valorem so that the effective price consumer pays on clothing is (1+ t)pc,
where t is the tax rate.

(a) Formulate the consumer’s utility maximization problem.
Solution: The consumer solves

max
x f ,xc

u(x f , xc) s.t. p f x f + (1+ t)pc xc = w.

(b) Suppose the consumer’s indirect utility function is given by

v(p, t,w)= 3w2

16(1+ t)p f pc
.

Derive the Marshallian demands for clothing and food, xc(p, t,w) and x f (p, t,w).
How do they change as t changes?
Solution: The Lagrangian for the optimization problem is

L = u(x f , xc)+λ[
w− p f x f − (1+ t)pc xc

]
.

The envelope theorem implies that

∂L

∂ pc
=−λ∗(1+ t)x∗c ,

∂L

∂ p f
=−λ∗x∗f , and

∂L

∂w
=λ∗

=⇒ x∗f =−
∂L
∂ p f

∂L
∂w

=−
∂v(p,t,w)
∂ p f

∂v(p,t,w)
∂w

=−
−3w2

16(1+t)p2
f pc

6w
16(1+t)p f pc

= w
2p f

=⇒ x∗c =− 1
1+ t

( ∂L
∂ pc

∂L
∂w

)
=− 1

1+ t

 ∂v(p,t,w)
∂ pc

∂v(p,t,w)
∂w

=− 1
1+ t

 −3w2

16(1+t)p f p2
c

6w
16(1+t)p f pc

= 1
(1+ t)

(
w

2pc

)
.

Thus, increase in t has no effect on the demand for food while it decreases
the demand for clothing.
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(c) Derive the expenditure function, e(p, t,u) and the Hicksian demands. How
do they change as t changes? Interpret these results.
Solution: We have

v(p, t, e(p, t,u))= u =⇒ 3e(p, t,u)2

16(1+ t)p f pc
= u =⇒ e(p, t,u)=

(16(1+ t)p f pcu
3

) 1
2

.

Thus, expenditure is increasing in t (differentiate with respect to t to find
by how much). That is, as the tax increases, the individual need to spend
more money to achieve the same level of utility as before.
To find the Hicksian demands, note that the expenditure minimization
problem and the associated Lagrangian are

min
x f ,xc

p f x f + (1+ t)pcxc s.t. u(x f , xc)≥ u

=⇒ L = p f x f + (1+ t)pcxc −µ
[
u−u(x f , xc)

]
.

Thus, using the envelope, we obtain

=⇒ h f (p, t,u)= ∂e(p, t,u)
∂p f

= 1
2

(16(1+ t)p f pcu
3

)− 1
2
(

16(1+ t)pcu
3

)
= 1

2

(
16(1+ t)pcu

3p f

) 1
2

hc(p, t,u)=
(

1
1+ t

)
∂e(p, t,u)

∂pc
=

(
1

1+ t

)(
1
2

)(16(1+ t)p f u
3pc

) 1
2

= 1
2

( 16p f u
3(1+ t)pc

) 1
2

.

Thus, the Hicksian demand for clothing is decreasing in t while the Hick-
sian demand for food is increasing (differentiate with respect to t to find
by how much). Increase in t, the tax on clothing, makes clothing more
expensive relative to food. Thus, the individual responds by substituting
away from clothing toward food.

2. A consumer’s expenditure function is given by

e(p,u) = (
p−2

1 + p−2
2

)− 1
2 u.

(a) Find the Slutsky matrix.
Solution: To find the Slutsky matrix, we first need the Marshallian de-
mand, which can be derived from the indirect utility function using Roy’s
identity. Using e(p,v(p,w)= w, we obtain,

e(p,v(p,w))= (
p−2

1 + p−2
2

)− 1
2 v(p,w)= w =⇒ v(p,w)= (

p−2
1 + p−2

2
) 1

2 w.

Roy’s identity then yields,

xℓ(p,w)=−
∂v(p,w)
∂pℓ

∂v(p,w)
∂w

=−
1
2
(
p−2

1 + p−2
2

)− 1
2 (−2)p−3

ℓ
w(

p−2
1 + p−2

2
) 1

2

=
(

p−3
ℓ

p−2
1 + p−2

2

)
w.
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Therefore, letting ℓ ̸= k, we have

∂xℓ
∂pℓ

+ xℓ
∂xℓ
∂w

=
(−3p−4

ℓ
(p−2

1 + p−2
2 )− p−3

ℓ
(−2p−3

ℓ
)(

p−2
1 + p−2

2
)2

)
w+

(
p−3
ℓ

p−2
1 + p−2

2

)
w

(
p−3
ℓ

p−2
1 + p−2

2

)

=
(−3p−6

ℓ
−3p−4

ℓ
p−2

k +2p−6
ℓ(

p−2
1 + p−2

2
)2

)
w+

(
p−6
ℓ(

p−2
1 + p−2

2
)2

)
w

=
(−p−6

ℓ
−3p−4

ℓ
p−2

k(
p−2

1 + p−2
2

)2

)
w+

(
p−6
ℓ(

p−2
1 + p−2

2
)2

)
w =

( −3p−4
ℓ

p−2
k(

p−2
1 + p−2

2
)2

)
w

∂xℓ
∂pk

+ xk
∂xℓ
∂w

=
(−p−3

ℓ
(−2p−3

k )(
p−2

1 + p−2
2

)2

)
w+

(
p−3

k

p−2
1 + p−2

2

)
w

(
p−3
ℓ

p−2
1 + p−2

2

)

=
(

2p−3
ℓ

p−3
k(

p−2
1 + p−2

2
)2

)
w︸ ︷︷ ︸

(∗)

+
(

p−3
ℓ

p−3
k(

p−2
1 + p−2

2
)2

)
w︸ ︷︷ ︸

(∗∗)

=
(

3p−3
ℓ

p−3
k(

p−2
1 + p−2

2
)2

)
w

=⇒ S(p,w)=


∂x1
∂p1

+ x1
∂x1
∂w

∂x1
∂p2

+ x2
∂x1
∂w

∂x2
∂p1

+ x1
∂x2
∂w

∂x2
∂p2

+ x2
∂x2
∂w



=


(

−3p−4
1 p−2

2

(p−2
1 +p−2

2 )2

)
w

(
3p−3

1 p−3
2

(p−2
1 +p−2

2 )2

)
w

(
3p−3

2 p−3
1

(p−2
1 +p−2

2 )2

)
w

(
−3p−4

2 p−2
1

(p−2
1 +p−2

2 )2

)
w

 .

(b) Find the substitution effect, the income effect, and total effect, on good 1
arising from the change in the price of good 2.
Solution: Recall that Dph(p,u) = S(p,w), so the entries of the Slutsky
matrix are the substitution effects. Thus, the substitution effect is

S12 =
(

3p−3
1 p−3

2(
p−2

1 + p−2
2

)2

)
w.

Note that this is positive since if the price of good 2 increases, substitution
effect should increase the demand for good 1. The income effect (using
(∗∗) from part (a)) is

−x2(p,w)
∂x1(p,w)

∂w
=−

(
p−3

1 p−3
2(

p−2
1 + p−2

2
)2

)
w,

and the total effect (using (∗) from part (a)) is

∂x1(p,w)
∂p2

=
(

2p−3
1 p−3

2(
p−2

1 + p−2
2

)2

)
w.
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3. Ellsworth’s utility function is u(x1, x2) = min {x1, x2}. Ellsworth has ¥150 and
the price of the two goods are both ¥1. Ellsworth’s boss is thinking of sending
him to another town where the price of good 1 is ¥1 and the price of good 2 is
¥2. The boss offers no raise in pay. Ellsworth, who understands compensating
and equivalent variation perfectly, complains bitterly. He says that although
he doesn’t mind moving for its own sake and the new town is just as pleasant
as the old, having to move is as bad as a cut in pay of ¥A. He also says that he
wouldn’t mind moving if when he moved he got a raise of ¥B. What are A and
B equal to?

Solution: For this utility function, the utility maximizing consumption bundle
occurs where the “kink” in the indifference curve is tangent to the budget line.
That is, where

x1 = x2 and p1x1 + p2x2 = w.

Solving these two equations yields the demand and the indirect utility func-
tions:

x(p,w)=
(

w
p1 + p2

,
w

p1 + p2

)
and v(p,w)= w

p1 + p2
.

Letting p0 = (1,1) and p1 = (1,2), we have

v(p0,w)= 150
1+1

= 75 and v(p1,w)= 150
1+2

= 50.

The equivalent variation, A, can be found by

v(p0,w+EV )= v(p1,w) =⇒ 150+EV
1+1

= 50 =⇒ EV = 100−150=−50.

So, the move would be equivalent to ¥50 pay cut at the old prices. The compen-
sating variation, B, can be found by

v(p1,w−CV )= v(p0,w) =⇒ 150−CV
1+2

= 75 =⇒ CV = 150−225=−75.

So, if he moves, he would need to be compensated ¥75 to make him equally as
well as before.

4. An individual has a quasilinear utility function u(x1, x2) = x1 +φ(x2), where
φ′ > 0 and φ′′ < 0. For this question, ignore boundary solutions and assume
that the Marshallian demand is interior (that is, x(p,w)≫ 0).

(a) Carefully graph the wealth expansion paths for this individual. Use the
horizontal axis for good 1 and the vertical axis for good 2.
Solution: Letting φ′ = ∂φ

∂x2
, the first order conditions for UMP are:

∂u(x1, x2)
∂x1

=λp1 =⇒ 1=λp1

∂u(x1, x2)
∂x2

=λp2 =⇒ φ′(x2)=λp2 =⇒ φ′(x2)= p2

p1
.
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Note that φ′(x2) is the inverse demand function of the individual, and her
demand function for good 2, x2(p,w), is the inverse function of φ′ and does
not depend on w (that is, ∂x2

∂w = 0). Thus, the wealth expansion paths are
horizontal lines (on a graph with good 1 on the horizontal axis and good 2
on the vertical axis).

(b) Explain the circumstances under which a quasilinear utility may be a rea-
sonable model of an individual’s preference.
Solution: As see above, a quasilinear utility means that the demand for
the non-numeraire good is independent of income. Therefore it is arguably
reasonable for modeling a good like a postage stamp that is unlikely to
increase once income goes above some minimal level.

(c) [8] Suppose the demand for good 2 is given by x2(p2) = p2
1
/

p2
2 . Find the

substitution and the income effects on good 1 arising from a change in
the price of good 2.
Solution: From the budget equation p1x1 + p2x2 = w, we have

x1(p,w)= w− p2x2

p1
=

w− p2
p2

1
p2

2

p1
= w

p1
− p1

p2
.

Thus, using Slutsky equation, we obtain

S12(p,w)= ∂x1(p,w)
∂p2

+ x2(p,w)
∂x1(p,w)

∂w
= p1

p2
2
+ p2

1

p2
2

(
1
p1

)
= 2p1

p2
2

.

The income effect is:

−x2(p,w)
∂x1(p,w)

∂w
=− p1

p2
2

.

(d) Continuing to assume that x2(p2) = p2
1
/

p2
2 , find the equivalent varia-

tion measure and the compensating variation measures of welfare change
when the price of good 2 increases from 2 RMB to 3 RMB while the price
of good 1 remains at 1 RMB.
Solution: Since the wealth effect is zero for good 2 for this utility function,
we have

CV = EV = CS =−
∫ 3

2
x2(p2)dp2 =−

∫ 3

2
p−2

2 dp2 = p−1
2

∣∣∣3
2
= 1

3
− 1

2
=−1

6
.

5. Suppose the economy is composed of N households, each differing only in its
wealth level and family size. Let wi and si denote household i’s wealth and
family size, respectively, and let xi(p,wi, si) and vi(p,wi, si) be the correspond-
ing Marshallian demand and indirect utility function.

Show that the aggregate demand only depends on price p, aggregate wealth
w = ∑

i wi, and average family size s̄ =
∑

i si
N if every household’s indirect utility

function is given by:

vi(p,wi, si) = ai(p)+b(p)wi + c(p)si.
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Solution: Letting xℓi denote household i’s demand for good ℓ, we have, by
Roy’s identity,

xℓi(p,wi, si) = −
∂vi
∂pℓ
∂vi
∂wi

= −
∂ai(p)
∂pℓ

+ ∂b(p)
∂pℓ

wi + ∂c(p)
∂pℓ

si

b(p)

⇒ ∑
i

xℓi(p,wi, si) = −1
b(p)

(∑
i

ai(p)
pℓ

+∑
i

∂b(p)
∂pℓ

wi +
∑

i

∂c(p)
∂pℓ

si

)

= −1
b(p)

(∑
i

ai(p)
pℓ

+ ∂b(p)
∂pℓ

w+ ∂c(p)
∂pℓ

Ns̄

)
.
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