Advanced Microeconomics 1

Fall 2024 - M. Pak

Exercises: Producer Theory

1 Producer Theory

1. Suppose the production set Y c R” is closed and satisfies the free disposal prop-
erty. Let n(p), be the corresponding profit function. Show that n(p), p e R?,, is
convex in p.

Solution: Take any a €[0,1]. Then

ap-ylap+(1-a)p’) < ap-y(p), and

(1-a)p'-y(p"

= (ap+(1-a)p')-yap+1-a)p) < ap-y(P)+(1-a)p’- y(p")
s> alap+1-a)p’) < an(p)+(1-a)x(p)).

I\

A-a)p'-ylap+1-a)p)

2. Suppose a firm’s production function is given by

(a)

(b)

f(Zl,Zz) = min {21,22}.

Find the firm’s cost function.
Solution: The solution to the cost-minimization problem

min w1z +weze s.t. min{z1,29}=y
21,22

is characterized by two conditions:
z1=z9 and min{z1,z9}=y

Therefore, z1(w,y) = zo(w,y) = v, and the cost function is c(w,y) = (w1 +
wa)y

Is the production function differentiable? Is the cost function differen-
tiable? On the scale of 0 to 10 (0 = “not at all interesting”; 10 = “I don’t
know how I am going to sleep tonight”), rate how interesting you find this
fact.

Solution: Notice that both the conditional demand function and the cost
function is differentiable even though the production function is not. Should



we not find the fact that solutions and value functions can be differentiable
even though the objective function or the constraint function are not, at
least somewhat interesting?

3. Consider the production function f : R — R, given by

11
— ~3 43
f()=2]z2,.

(a) Find the firm’s conditional input demand function and the cost function.

(b)

Solution: cost minimization problem is given by:
min w-z st. f(z)=y,
z

whose associated Lagrangian is

1 1
— 5.3
L=w-z+pu|y—z{z4|-
The first order condition is given by
_2 1 12
3 53 3 3
z2,°2 Z2i2 zZ9 wi
12:w1 and 172 = ws > — = —.
3 3 z1 wo

11
Substituting this into the production function 2725 = y yields

1 1
Liwy )3 w1 way?)?
2y (—21) =y = 22— =3y = zw,y) = ( ,
wo w9 w1
3\3
w
and zo(w,y) = ( ul)y ) .
2

The cost function is given by

1
3\2 1
(wly ) = 2(wiwsy?)?
ws

1
3\2
w
c(w,y) = wl( 2Y ) +wsy
w1
Find the firm’s supply function and the profit function by explicitly solving
maxy py —c(p,y)
Solution: The profit maximization problem is

1
max py—2(wiw2y®)?.

Solving the first order condition yields

2
1 1
p = 3(wiwg)2yz = y(p,w) = ,
wiws
n(p,w) = -2 (wiw 2,
(p,w) Swiio (wiwzy°)



(c) Find the firm’s unconditional input demand function. Verify that z(p,w) =
z(p,y(p,w)).
Solution: The profit maximization is now formulated as

11
max p(z{’zg)—w-z.
4

2 1 1 2
pz,°z) _ w; and pzizy° = wy - 22 _ W1
3 3 21 wo
Substituting this back into the first equation yields
_2 L
pz () P2y g p’°
T =w; = T =w; = Zl(p,LU) = m
= zalp,w) = p—3
27w1w§

Therefore, we have

1
3\2
p2
w2(9w1w2) p?
z1(p,y(p,w)) = w—l = 27020
1W2
1
3\2
p2
w1(9w1w2) p°
Zz(p,y(p,w)) = w—2 = m
1Wo

(d) Suppose the firm’s production function is given instead by

DO roj—

. 1
f@)=1f17 =222
Find the firm’s profit function.

Solution: The first order condition for the cost minimization problem is
given by

DOl

= ol
DO

_ f1%2 _ _wizy
= w; and = ws = 29 = .
2 2 wa

DO noj=

212

11
Substituting this into the production function 2725 = y yields

1

% wiz1 % wa \2
zi|l—| =y = 21w,y =|—] v,
wo w1

1
w12
and  zo(w,y) = (—1) y
w2
The cost function is given by
1 1
w9 \ 2 wi\?2 1
cw,y) = wi|—| ytwa|—| ¥ = 2(wiwsz)2y
w1 we




The profit maximization problem is
1
max py—2(wiwsg)?y.
y

Solving the first order condition yields
1
p =2(wiwsg)2.

So, an interior solution exists if and only if p = 2(w1w2)%. In fact,
if p < 2wiws)?

if p= 2(w1w2)%

if p> 2(w1w2)%

0
any y
00

-

y(p,w) =

and the profit function is
0 ifp< Z(wlwg)%

0 ifp=2(wiws)? .

n(p,w) =
if p > 2wiws)?

00
Note that with CRS production function, an interior solution exists only if

the firm is making zero profit.

2

S

4. For the profit function

ki

n(p,w) =

DOJ

1
3
8w1 w,,

(a) Find the unconditional input demands.
Solution: The profit function n(p,w) is the value function for the profit

maximization problem:
max pf(x)—w-x.
X

Therefore, the envelope theorem yields
0
—M (Hotelling’s Lemma)

x;(p,w) w0,
2
=>x1(p,w) = p3 -, and
16wfw2§
2
=>xo(p,w) = pl =
16wa¢)2i

(b) Find the supply function.
Solution: The envelope theorem again yields
on(p,w)
op
p

- i 1

3.2
4w1 Wy

y(p,w) = f(x(p,w))




(¢) Find the cost function.
Solution: From part(b), we have
11
p=4ywiw,
Using the first order condition p = MC, we obtain

oc(w,y)
dy

y 11
= c(w,y) = f4zwfw22dz

1 1
2.2
dywiw,

11
2y2wfw22 +K,

where K is a constant. (Though not required, value of K can be determined
after the production function is found in part (e)).

(d) Find the conditional input demands.

Solution: The cost function c(w, y) is the value function for the cost mini-
mization problem:
min w-x st.  f(x)=y,
X

whose associated Lagrangian is
L=w-x+uly-f)]
Therefore, the envelope theorem yields

oc(w,y)

xi(w,y) (Shepard’s Lemma)

ow;
5 1

2
Y Wy

= x1(p,w) , and

w

ol

y2

&

ol

= x9(p,w)

S
DO i

(e) Find the production function.
Solution: From part(d), we have

1 1
Hwiw,? = y?
11
xow, *wy = y?
= xixp = y*
11
= y = xjx,.

5. Consider a firm with single-output production function

f(2) = v/min {z1, 29}



(a) Find the firm’s supply function.
Solution: We first solve the cost minimization problem:

min w-q s.t. min {z1,22} =¢q

Since f(z) is a monotonic transformation of a Leontieff production func-
tion, the conditional input demands can be found easily:

z1=29 = y/min{z,zil=q = 21(w,q)=22w,q) = q>

So, the cost function is ¢(q) = (w1 + wa)q?.
Next, profit maximization requires:

p

=MC=2 ==
p (wi+wz2)g = y(p,w) 2w T 109)

(b) Find the firm’s unconditional input demand function.
Solution: Substituting the supply function into the conditional input de-
mand function yields:

» )2 B p?

z1(p,w) = z2(p,w) = (2(w1 +wg)) 4w +wg)?’

(c) Suppose firm’s production function had been f(z) = (min {z1,22})?. What is
the firm’s supply function?
Solution: Sine the production plan exhibits increasing returns to scale,
there is not solution to the profit maximization problem and the supply
function does not exist.

6. In the following, you may assume as much differentiability as needed.

(a) Show that the profit function n(p,w) is convex in (p,w).
Solution: We need to show that

Zr(a(p', w)+(1- a)(p”,w")z < fm(p',w') +(1- a)ﬂ(p",w"z.

LHS RHS
RHS = max [ap'f(x)-aw' 2]+ [1-a)p"f(&") -1 - a)w"-x"]
> max [ap'f(x)-aw x|+ [1-)p"f(x) -1 -a)w" x|
> max (ap'+(1-a)p")f (&) - (aw'+ (1 - a)w") -’

= LHS

(b) Does the law of supply hold? That is, is

0y(p,w) _

0°?
op

Solution: Using Hotelling’s Lemma,

dy(p,w) 0

op - op

on(p,w)

=0 by convexity of 7(-).
op

6



(¢) Do the unconditional input demands satisfy the law of demand? That is,

18
Ox¢(p,w)

Op¢

<0forall ¢?

Solution: Using Hotelling’s Lemma again,

Ox¢(p,w) 0 [on(p,w)

<0 by convexity of m(-).

owy B _Owg Owy

7. LetsBurnInvestorsMoney.com is a startup firm that produces a product called
pipedream. The firm acts as a price taker; however, the firm has decided that
growth is more important than profitability. Therefore, the firm has chosen to
maximize output instead of profit. What the firm can spend on input goods is
constrained by how much cash it has on hand.

Suppose your careful observation of the firm’s behavior has revealed that when
the input prices are w = (w1,ws) and the firm has $C cash on hand, the firm’s

output is:
1 2
1 \3( 2 \3
,O)=|—1| |—| C.
¥, ©) (3w1) (3w2)

Find the firm’s input demand.

Solution: This firm solves
max f(z) st. w-z=C.
4
The Lagrangian is
ZL=f2)+AC-w-z].
The value function is ) )
w,0) = [ )(—2 e
T = (3w1 3w2)
By the envelope theorem (compare with Roy’s Identity),

0 < o) <
Y =-Az; and o=
ow; Ow;

Therefore, the firm’s input demands are

_2 2
zl(w,C):_% B i (—#)(%)0232
i (5] (sz) 1
1 _1
o) () "(aiz)C e
22(w,C) =~ ay 1 2 3w
© e



8. Consider a profit maximizing firm whose single-output technology is given by
the production function f : [Rﬁ — R, satisfying the usual assumptions (continu-
ity, quasiconcavity, and monotonicity). Let w > 0 and p > 0 denote the input
and the output prices, respectively. In the following, assume that the solution
to the profit maximization problem is unique.

(a) Show that the firm’s profit function, 7n(w, p), is a convex function of (w, p).
Solution: Let y(w,p) and z(w, p) be the supply and the unconditional
demand functions. Then,

7(aw,p)+1-a)w',p")) = (ap+(1 - a)p’) y(w,p)— (aw + (1 - a)w') - 2(w, p)
=a(pyw,p)-w-2zw,p)+(1—-a) (p'yw,p)-w'z(w,p))
<an(w,p)+1-a)n(w’,p’), as required.

(b) Show whether the firm’s supply function y(w,p) and the unconditional
demand function z(w, p) satisfy the law of supply and the law of demand,
respectively. For this part, assume that n(w,p), y(w,p) and z(w,p) are
differentiable.

Solution: By part (a), n(w,p) is convex, which means D, p)m(w,p) is
positive semidefinite. This, together with Hotelling’s lemma yields,

dyw,p) _ 0%n(w, p) -

0z/w,p) _ 0*nw,p) _,
op op*

0 and <0,
owy aw?

which are laws of supply and demand, respectively.

(c) Show again whether the firm’s supply function and the unconditional de-
mand function satisfy the law of supply and the law of demand, respec-
tively. For this part, do NOT assume that n(w, p), y(w,p) and z(w, p) are
differentiable.
solution: Let y = y(w, p), z = z(w, p), ¥' = yw',p’), and 2’ = z(w', p’). Then
by the definition of profit maximization,

(p,w)- ((y,-2)-(y'-2")) + (', w)-((',-2)-(y-2)) = 0
= ((p,w)-(p",w") - ((y,—2)- (' -2") = 0.

The first component of the above (vector) inequality and the ¢ + 1-th com-
ponent yields the law of supply and demand, respectively:

(p-p)(y-2)=20
(W[ - w'[) (—zz - (—z'[)) >0 > (LU[ - w}) (Z[ —z'[) <0.

(d) Suppose there are J firms, and each firm’s supply function satisfies the

law of supply and the input demand function satisfies the law of demand.
Show whether the aggregate supply and the aggregate demand satisfy the
law of supply and demand, respectively.
Solution: Suppose p > p’. Then y;(w,p) = y;(w,p’) for all j by the law of
supply. Thus, ¥ ; yj(w,p) =2 ¥ ;y;(w,p"). Suppose w, >w), and wy, = w), for
all £ # ¢. Then z¢j(w,p) < z¢;(w', p) for all j by the law of demand. Thus,
Yjzejw,p) < zy i(w',p). Thus, the aggregate supply and the aggregate
demand satisfies the laws of supply and demand, respectively.



