Advanced Microeconomics I

Fall 2024 - M. Pak

Exercises: General equilibrium

1. Consider an Edgeworth box economy where preferences are given by
u1(x11,x21) =2v/x11+x21  and  ua(x12,%22) = 2/x12 + x22,

(a) Suppose the initial endowments are w1 =(4,4) and w9 =(1,1). Find all
the Pareto optimal allocations.
Solution: Interior Pareto optimality is characterized by marginal rates of
substitution being equal to each other. Thus,
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Thus, x11 = x12. Since x11 +x12 = €1 = 5, interior PO allocations are char-
acterized by x11 = x12 =2.5. So

Interior PO set ={((2.5,x91), (2.5,5—x21)): 0 < x91 < 5}.

Note that when x11 < 2.5 and x91 = 0 (which means x19 > 2.5 and x99 = 5),
we have
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So this is a boundary PO allocation. Similarly, when x11 > 2.5 and x91 =5
(which means x12 < 2.5 and x99 = 0), we have
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So this is a boundary PO allocations. The set of all the PO allocations are

MRS = =MRS>.
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(b) Find the Walrasian equilibrium.

Solution: To find the Walrasian equilibrium, we first find the demand
functions. Using normalization ps =1,
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Market clearing condition for Market 1 yields
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To find equilibrium amount of good 2, we use

Pp1x11+poxo1 =4p1+4pe = 0.6325(2.5) +x91 = 4(0.6325) + 4

= x5, =4 +1.5(0.6325) = 4+ 0.9488 = 4.9488
p1xi12+ poxog =1p1+ 1pg = 0.6325(2.5) + x99 = 1(0.6325) + 1

= x99 = 1-1.5(0.6325) = 1-0.9488 = 0.0512.

To recap, the equilibrium prices are p* = (0.6325,1) and the equilibrium
allocation is (x!",x%") = ((2.5,4.9488), (2.5,0.0512)).

2. Consider an Edgeworth box economy where preferences are given by

u1(x11,221) =min{xy1,x21} and wa(x12,%x22) = 2x19 + x99,



and the initial endowments are
w1=(3,2) and w9=(1,2).

Using the normalization pg =1, find all the Walrasian equilibrium.

Solution: To find consumer 1’s Marshallian demand function, we note that
the two goods are perfect complements and that an optimal bundle must have
X11 = X91. So, substituting this into her budget equation yields:

3p1+2ps 3p1+2ps

P1Xx11+p2x11 =3p1+2p2 = x1(p1,p2) = ( ,
pb1tp2 b1+p2

To find consumer 2’s Marshallian demand function, we note that the two goods
are perfect substitutes with the marginal rate of substitution equal to 2. So,
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Now, to find the market clearing prices we note the following. Consumer 1 never
wants to consumer at the boundary. However, consumer 2 always wants to

consume at the boundary unless z—; = 2. Therefore, the only possible candidate
for an equilibrium price is ;;—; =2

To see, if ;;—; = 2 works, we note that at this price consumer 2 will be happy
consuming anywhere on her budget line. So, we can clear the market by giv-
ing consumer 1 her desired consumption bundle and giving the remainder to
consumer 2. That is, Walarsian equilibrium price is p = (2,1), where we have

normalized po = 1 and the equilibrium allocation is given by
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. Suppose excess demand function z : RL, — R satisfies Walras’ Law (that is,
p-z(p) =0 for all p € A°). Show that if z,(p) = 0 for any L — 1 components of
z(p), then z,(p) =0 for all ¢.

Solution: By Walras’ Law, we have

p-2(p)=p1z1(p)+---+pr-12L-1(p) + przr(p) = 0.

Suppose the markets for L — 1 goods, say goods ¢ = 1,...,.L —1 clears. Then
pLzL(p)=0. Since p1, >0, we have z7(p) =0.



4. Consider again the economy given in Problem set 5, question 2.

(a) Find all the Walrasian equilibrium using the normalization pg = 1.
Solution: We solve for the market clearing condition for good 2:

bw+4 1 . 1

xo(w,)=w2+yw,1) = =c— = w'=

3 2w
Thus, Walrasian equilibrium price is (w*, p3) = (%, 1), and the correspond-
ing Walrasian equilibrium consumption and production plans are (x7,x5) =
(4,1) and (z*,y*)=(1,1).

(b) Using a single diagram, graph the consumer’s utility maximizing-consumption
plan and the firm’s profit-maximizing production plan for the equilibrium
found above.

Solution:
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Figure 1: Production and Consumption Plan at equilibrium price.

5. Show that the firms’ profit maximizing production plans are homogeneous of
degree zero in an Arrow-Debreu economy, while the profit functions are homo-
geneous of degree one. That is, for all a >0, y;(ap) = y;(p) and 7 j(ap) = an;(p).
Also show that the individuals’ demand correspondences are homogeneous of
degree zero.

Solution: For all a >0, we have
Iyré%f (ap)-yj <= gréf% a(p-yj) < Iyréag DYyj.
Therefore, y;(ap) = y;j(p). This then implies that
nj(ap)=(ap)-yj(ap)=(ap)-y;(p)=alp-yj(p))=an;p).

4



Individual i’s budget set when the price vector is ap is
(ap)-x; <(ap) -w; +n(ap) <= (ap)-x; <(ap) w; +anx(p)
—p-xi<p- -w;+a(p),

which is the same budget set as when the price is p. Therefore, x;(ap) = x;(p).

Consider a 2-goods economy with 2 consumers and 1 firm. The consumers have

identical preferences:
11
uix1,x9;) = x7,%5.,

while their endowments are w1 = (10,0) and w9 = (0,10). The firm uses the first

good as input to produce the second good. Its production function is

f@)=21,
where z denotes the amount of good 1. Let 81 =09 = % be the consumers’ shares
of the firm.
(a) Find the Walrasian equilibrium (use the normalization pg = 1).
Solution: Letting po = 1, the firm’s profit maximization problem is

1
max z2 —piz.
¥4

The first order condition yields
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Next, consumer i’s income is
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Using the well-known formula for Cobb-Douglas utility function, we ob-

tain
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Thus, the market clearing condition for good 2 is

x11(p) + x12(p) = w2 + y(p)
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Substituting p1* = 1.07 in the demand functions yields
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(b) Verify that the first fundamental of theorem of welfare holds.
Solution: At the equilibrium,
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Thus, the indifference curves of the two consumers are tangent to each
other, and we have Pareto optimality.

(c) Which consumer, if any, will be worse off if there was no firm (that is, if
this was a pure exchange economy)? Give an interpretation of this result.
Solution: Let the double star () represent the equilibrium without the
firm. Solving the market clearing condition for the second market now
yields

5p1"+5=10 = pi* =1 = «x,/ =5forall £ and i.

Therefore,

ui(xiy,xs1)=V5(5)=5<523=1/5.05(5.41) = u1(xj;,x5;)
ua(xys,x59) = 1/5(5)=5>4.891/4.73(5.06) = u1(x];,x5;).

Note that possibility of production makes the input good (good 1) more
valuable (more scarce) and makes the output good (good 2) less valuable



(more abundant). Since consumer 1 is the only supplier of good 1 while
consumer 2 is the only supplier of good 2, it makes sense that consumer is
better off with the production while consumer 2 is not.

7. Consider a 2-goods economy with 2 consumers and 1 firm. The consumers have
identical preferences and endowments:

ui(x1;,%9;) =x1; +Inxg; and w; =(10,0), 1=1,2.

The firm uses the first good as input to produce the second good. Its production
function is

1
fw)=v2,

where v denotes the amount of good 1 the firm uses as input (we are using v
rather than the typical z to denote the input good since z(p) is used for the
market excess demand function). Let 6; denote consumer i’s share of the firm.

(a) Normalizing po =1, find the market excess demand function.
Solution: Letting po =1, the firm’s profit maximization problem is

1
max vz —piu.
v

The first order condition yields
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Next, consumer i’s utility maximization problem is
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The solution must satisfy:
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Thus,
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(b) Find the Walrasian equilibrium price, allocations, and production plans.
How do the equilibrium price and allocations depend on 6;? Given an
intuitive explanation for these results in words.

Solution: Market clearing condition for the second good yields:

1
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Thus, the equilibrium price is p* = (%, 1) and the equilibrium allocations
are:
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As seen above, 61 does not affect the equilibrium price or the equilibrium
allocation for the second good. This is because the preferences are quasi-
linear with respect to the first good, which means that any wealth effects
are absorbed by the demand for the first good. That is, changes in wealth
do not affect the demand for good 2. Thus, since changes in 61 only affects
the wealth of the consumers, its effects are absorbed by the first good.
In particular, since increase in 0; increases consumer 1’s wealth and de-
creases consumer 2’s wealth, x7; is increasing in 61 and x7, is decreasing
in 61.

Since this is a two goods economy, Z2(p) = z1(p1). We have

8. Consider a pure exchange economy with 2 consumers and two goods. Suppose
initially, the consumers’ endowment allocation is ' = (w),w,) = ((8,0),(0,4)),
and the equilibrium price is p’ = (1, 1). However, there is a shock to the economy
that causes the endowment allocation to change to w” (wl,wz) = ((2 6),(0, 2))
Can you predict what will happen to the equilibrium price ratlo‘? That is, will
the equilibrium price ratio § + be larger, smaller, or same as 2 7 ‘7 Assume that

the consumers’ preferences are continuous, strongly monotone, and strictly con-
vex and that the preferences are not affected by the shock.



Solution: Let x] be the consumer 1’s bundle in the original equilibrium. As
seen in the graph, x| must necessarily lie to the right of w/, which means con-
sumer 1’s indifference curve going through her new endowment w;’ must be

stepper than % = 1. So the new equilibrium cannot have a budget line flatter

2
than the orginal budget line. That is the new budget line in equilibrium must
be steeper, or 24 > L.
py " Py

Figure 2: Question 4.



