Advanced Microeconomics 1

Fall 2024 - M. Pak

Exercises: Consumer Theory and Aggregate Demand

1 Consumer Theory

1. Show the following:

(a)

(b)

If 7~ is strongly monotone, then it is monotone.

Solution: Let 7 be strongly monotone. To show that - is monotone, we
need to show that x > y = x > y. But, thisis trivial sincex > y=>x=y=>
x>y by strong monotonicity.

If 7~ is monotone, then it is locally non-satiated.

Solution: Let 7~ be monotone. Take any bundle x and € > 0. No matter
how small €, there is always y > x such that ||y — x| < e. By weak mono-
tonicity y > x. Therefore, 7~ is locally non-satiated as well.

2. Let f :R — R be a strictly increasing function. That is, f(a) > f(b) if and only if
a>b.

(a)

(b)

Show that if u(x) is a utility function representing a preference relation -,
then the function @(x) = f(u(x)) also represents 7.
Solution: To show that #i(x) also represents -, we need to show that
ii(x) = @(y) if and only if x 7~ y. To see this, notice that
x 2y ifand only if u(x) = u(y) since u(-) represents .
if and only if f(u(x)) = f(u(y)) since f(-)is strictly increasing.
if and only if a(x)=a(y) by the definition of ().
Let x(p,w) be the Marshallian demand for utility function u(x), and let
X(p,w) be the Marshallian demand for utility function ié(x), where i@(x) is
as in part (a). Show that x(p,w) = (p,w).
Solution: Let B(p,w) = {x: p-x < w} be the budget set. Since functions
u(x) and @(x) represents the same preference —, we have

x(p,w) arg max, u(x) s.t. p-x<w
= {x" €B(p,w)s.t. x* 7~ x for all x € B(p,w)}
= argmax, i(x)st. p-x<w

= X(p,w)



(c)

Let v(p,w) be an indirect utility function, and let #(p,w) = f(v(p,w)) be
an increasing transformation of v(-). Explain whether the Marshallian
demand corresponding to these two indirect utility functions are the same.
You may assume as much differentiability as needed.

Solution: Let %(p,w) and x(p,w) be the Marshallian demand functions
corresponding to 7(p,w) and v(p,w), respectively. Applying Roy’s Identity
yields

af (w(p,w)) of w(p,w)) (6v(p,w))
- ( ) _ 6p[ _ ov ap[
YOLW) = T 5/ ~  of paw) (upaw)
ow v ow
ov(p,w)
= P = y(p,w)
- av(p’w) - [ p? .
ow

3. Let ~ be a continuous, homothetic preference. Note that a continuous 77 is
homothetic if and only if it admits a utility function that is homogeneous of
degree one (see MWG Exercise 3.C.5).

(a)

(b)

()

Give an example of a utility function for 7~ that is homogeneous of degree
one and one that is not.

Solution: A Cobb-Douglas utility function in the standard form is HD1.
1 1

For example, let u(xq,x2) = xfxzE Then

1 1
u(axy,axs) = (ax1)z(axg)? = aul(xy,x).

But an increasing transformation of a standard Cobb-Douglas utility func-
tion may not be HD1. For example, #i(x1,x9) = (u(xl,xg))2 =x1x9 is HD2:

u(axy, axg) = (axi)axz) = a?ulxy,x2).

Assuming that u(-) is a differentiable utility function representing a ho-
mothetic preference, show that the marginal rate of substitution (MRS) at
x is the same as the MRS at ax for any a > 0.

Solution: Applying HD1, we obtain

du(ax) dau(x) Oou(x)
6x/ _ 5.7(7{ _ 6.76/
du(ax) ~ daulx) ~ dux)’
0xy, 0xp, 0xp,

By wealth expansion path we mean the curve traced out by x(p,w) as w
varies. Show that the wealth expansion path of u(-) is a ray that starts
from the origin.

Solution: To see this, note that Marshallian demand at wealth w = 1,
x* =x(p, 1), satisfies the first order conditions p-x* =1, and

ou(x™)
Xy

for all ¢, < Ap¢, (with equality if x, > 0).



Let u(:) be HD1. Then since 6”5’1‘;;‘*) = w%‘;ff*), % = wx* satisfies the first

order conditions p-% =w, and

ou(z)
X¢

for all ¢, < Apy, (with equality if £, > 0).

Therefore, x(p,w) = wx*.

4. Let u(x) = /x1 +x2.

(a) Find the Marshallian demand function. (Please pay attention to the pos-
sibility of boundary solutions).

Solution: Let
L(x1,x9,1) = Vx1+x9+ AMw — p1x1 — poxel.

The first order conditions are:

0% 1
L = -Ap1<0 (=0ifx]>0)
Oxl 9 x*
V71
0%
2) —=1-Ap2=<0 (=0ifx;>0)
0x9
0% . .
3) EZW—plxl—pszZO.

Assuming interior solution and dividing (2) by (1) yields

2
2y/x] = P2 x] = —p22.
P1 4p1

Substitute into the budget equation to obtain

P2 _f_% w p
2 * * P1 2
P1|—5|+Dp2xg=w = x5 = =— = (%)
(4p§) ? 27 ps  p2 4p1

From the expression (*) above, we see that an interior solution is obtained

2 2
only if p1 > f—j}. When, pi < f—;), (*) implies x; <0, in which case the non-

negativity constraint will force x5 = 0 and x] = pﬂl. To summarize, the
Marshallian demand is given by:
2 2
(572%,1%—5721) 1fp1>f—lf), and
x(p,w) =
(i s 0) if p1= p_%
P1 4w

(b) Verify that the Marshallian demand found above is homogeneous of degree
zero in (p,w) and satisfies the Walras’ Law.



Solution: We have

(@p2)® aw _ _aps ) . (aps)?
(4(ap1)2 > aps ~ 4lapy) if apy > aw)’ and
x(ap,aw) = <
aw . (ap2)?
(a_p1 . O) if api < Haw)
2 2
Py w _ py i Py
(4p% i 4p1) ifp;1>72, and
= A
2
w : Py
(p1 s O) if p1 < 2
= x(p,w),
and
2 2 2
PiPy | pow _ Pp by
417? D2 4p; lfpl > 4dw? and
p-x(p,w) =
2
. p;
p;—fj+p2(0) ifp1< 2.
= w.
(c) Find the indirect utility function.
Solution:
P% w P2 : p%
W T ip HP1>7, and
v(p,w)=vx1(p,w)+x2 = {
2
w : pz
1 if p1 < Tw-
P2 w . P%
m + p_2 lfpl > o and
= 4 ]
w : Py
\/ o1 ifp1< 2.

(d) Verify that the indirect utility function is homogenous of degree zero in
(p,w), strictly increasing in w and non-increasing in p, for all 2.
Solution: Verifying that v(p,w) HDO, strictly increasing in w and non-
increasing in p; is trivial. To check that it is non-increasing in pg, we
differentiate v(p,w) w.r.t. pa:

2
1 w L1 . . P
—— — X (which is negative fp1>%%, and
av(p,w) _ 4p, pg ( 1 gatl ) I p1 4w
0p2 P2
0 ifplsﬁ.

5. Let u(x) =x1 +1Inxs.

(a) Find the Marshallian demand function. (Please pay attention to the pos-
sibility of boundary solutions).



Solution: Let
ZL(x1,x2,A) = x1+Inxg + Alw — p1x1 — paxal.

The first order conditions are:

0¥
1 —=1-Ap1=<0 (=0ifx]>0)
0x1
0 1
(2) — =—-Ap2<0 (=0ifx;>0)
Oxg X,
0Z . R
3) ﬁ:w—plxl—pzxgzo.
Assuming interior solution and dividing (1) by (2) yields
Py
2 b2

Substitute into the budget equation to obtain
w

(¥) xj=—-1
p1

From the expression (*) above, we see that an interior solution is obtained
only if p; <w. When, p1 = w, (+) implies x] <0, in which case the non-

negativity constraint will force x] = 0 and x5 = p%. To summarize, the
Marshallian demand is given by:

w o_ pP1 ;

(pl 1, pz) if p1<w, and

x(p,w) =
(O, p%) if p1=w.

(b) Verify that the Marshallian demand found above is homogeneous of degree
zero in (p,w) and satisfies the Walras’ Law.

Solution: To verify HDO, let a > 0. Then

(M_l m):(ﬂ_l,ﬂ) if pi<w, and

api > apz p1 P2
x(ap,aw) =
(a(O), g—;‘;) - (0, pﬂz) if p1>w.

To verify Walras’ Law

(pl,pzf(pﬂ1 -1, Z—;) =w ifpi<w, and
p-x(p,w) =
(pl,pz)'(O, p%)=w if p1zw.
(c) Find the indirect utility function.
Solution: Since v(p,w) = u(x(p,w)), we have
(pil - 1) +ln(§—;) if py<w, and
vip,w)=

ln(pﬂ) if p1=zw.



(d) Verify that the indirect utility function is homogenous of degree zero in
(p,w), strictly increasing in w and non-increasing in p, for all ¢.

Solution: To verify HDO, let @ > 0. Then
1) +ln(g—p;) ifapi <aw, and

(12 -
v(iap,aw) = A
]n(g—;‘;) ifapi = aw.
(%—1)+ln(§—;) ifpi1<w, and
=
]n(l%) ifplzw.
= v(p,w)

To verify that v(p,w) is strictly increasing in w:
if pi<w, and

Lo
ov(p,w) _ P
ow :
v (2)(L)=21>0 ifpizw.

So, v(p,w) is strictly increasing in w.

Next,
-2l<0 ifpi<w, and
dv(p,w) 2
Op2 —1%<0 ifp1=w.
2

So, v(p,w) is non-increasing (in fact, strictly decreasing) in ps. To check
that v(p,w) is non-increasing in pi, we differentiate v(p,w) at p1 # w.
Then,
—|1-w| Ll ;

dv(p,w) —(1 p1)p1<0 if py <w, and

op1
0 ifp1>w.

So, v(p,w) is non-increasing everywhere, except may be at p; = w. But,
since v(p,w) is continuous, it is actually non-increasing everywhere.

6. Let u(x) =x1 +2Inxs.
(a) Find the Marshallian demand function. (Please pay attention to the pos-

sibility of boundary solutions).

Solution: Let
ZL(x1,x2,A) = x1+2Inxg + Mw — p1x1 — paxal.



The first order conditions are:

A

(1) —=1-Ap1 =<0 (=Oifx;>0)
0x1
0¥ 2

(2) — =—-Ap2=0 (=Oifx§>0)
Oxg X,
0L R R

3) ﬁ=w—p1x1 —p2xy =0.

Assuming interior solution and dividing (1) by (2) yields

k= 2p1
27 po

Substitute into the budget equation to obtain

* w—2 1
() af=2P1
P1

From the expression (*) above, we see that an interior solution is obtained

only if p; < §. When p; = ¢, (*) implies x] <0, in which case the non-
negativity constraint will force x] = 0 and x5 = ->. To summarize, the

T
Marshallian demand is given by: ’

(w—2p1 2p1

i w
1 ,pz) ifp;1<%, and

x(p,w) =
(0, 2] ifpi=1%.
(b) Verify that the Marshallian demand found above is homogeneous of degree
zero in (p,w) and satisfies the Walras’ Law.
Solution: To verify HDO, let @ > 0. Then

-2 2 -2 2 .
(aw apy a’p1)_(w P1 ﬂ) 1fp1<%, and

api > apz p1 7 p2
x(ap,aw) =
aw | _ w : w
(a(O), a—pz)—(o,m) 1fp122.
To verify Walras’ Law
w-2p 2p1) _ .
(pl)p2)'(Tl ) p_;)_w lfpl<%’ and
p-x(p,w)=
(Pl,pz)'((), p%):w ifp1=3.

(c) Find the indirect utility function.
Solution: Since v(p,w) = u(x(p,w)), we have
-2 2 .
% +2ln(%) ifp1<%, and
v(p,w)=
21n(pﬂ2) ifp=2.



(d) Verify that the indirect utility function is homogenous of degree zero in
(p,w), strictly increasing in w and non-increasing in p, for all ¢.

Solution: To verify HDO, let @ > 0. Then

aw-2ap; +91n (Zapl

: aw
ap aps ) ifapi < 5 and

Il
N

v(iap,aw)
2ln(g—l’)"2) ifapy = 5.

w=2p; m) . w
o1 +2ln(p2 ifp1<g, and

21n(pﬂ2) if pr=%.

v(p,w)

To verify that v(p,w) is strictly increasing in w:

1 . w
=>0 ifp; <%, and
ov(p,w) P 2
ow a 1 2 .
2(2)(L)=2>0 ifpi=%.
So, v(p,w) is strictly increasing in w.
Next,
2 . w
-£<0 ifp;<¥, and
dvip,w) | P2 P1=72
0p2

2 : w
_ 4 > W
2<O ifp1=5.

So, v(p,w) is non-increasing (in fact, strictly decreasing) in ps. To check
that v(p,w) is non-increasing in pi, we differentiate v(p,w) at p1 # 5.

Then,
w 2 2p1—w : w
— W2 =22 0 ifp;<¥,  and
ov(p,w) pi P Pt 22

3
P 0 if py> 1.

So, v(p,w) is non-increasing everywhere, except may be at p1 # 5. But,
since v(p,w) is continuous, it is actually non-increasing everywhere.

7. An indirect utility function v(p,w) is said to have a Gorman form if v(p,w) =
a(p) + b(p)w. Show that the corresponding demand function exhibits linear
wealth expansion curves. That is, show that % is a linear function of w.

Solution: By using Roy’s Identity, we obtain

dv(p,w) da(p) , 0b(p)
pw) = - op, _ 0Op¢ *op W
’ - ovipw) b ’
ow (p)



which is a linear function of w.

. Suppose that in a three-goods universe, a consumer’s indirect utility function is

given by . ) )
1 \2( 1 \s( 3 \3
IRNERIERIER
2p1) \8pz2) \8ps

(a) Find the corresponding Marshallian demand function.

Solution: For convenience, write v(p,w) as

e[Vt

1 1(8 -
v(p,w)=(2p1)_2(8p2)_8( 1373) w

Applying Roy’s Identity yields

e (-3)@)2p1)H8pa)F (5] T w

_ 0p:
xl(p:w) - _0v(p,w) - 1 1(8 —%
ow (2p1)"#(8p2)+ (%52)
_ w
2p1’
ov(p,w) 11 -2 (8ps -
L) (2p1)72 (—5)(B)8p2) s (ZF] w
xo(p,w) = - P2 _
2\, ov(p,w) 1 1(8 —%
Tow (2p1)7#(8pe) 7+ (%52)
_ w
8ps’
11
v(p,w) -1 -1 _38yr8\(8p3) ®
oy - B epiEp) F-3E) (%) Tw
3\p, dv(p,w) 1 1 (g _%
ou (2173 (8p2) ™+ (%52)
3w
8ps’

(b) Find the corresponding expenditure function.
Solution: Apply the duality relationship v(p,e(p,u)) = u yields

) () () o
2p1) \8p2) \8ps3 “pt

= e(p,u)

u

1 1 (8 %
(2p1)2(8p2)8( ;’3) u

(c) Find the corresponding Hicksian demand function.



Solution: Applying the Shepard’s Lemma yields:

3
de(p,u) 1 _1 1(8p3)8
h
= _— 2 2 2 8 8
x7(p,u) 1 2( )(2p1) 2 (8p2) 3 |
1
~ (44p2p§)8u
33p‘{ ’
3
de(p,u) 1(1) _7 (Spg)s
h
=(2 2 | = 1(8)(8 8
%o (p,u) F (2p1) 3 (8)(8p2) 3 | U
1
4.3 \3
pipP3 Bu
3344}7% ’
5
h
= —_— 2 2 8 8| — — —_
x3(p,u) 303 (2p1)? (8p2) 313/l u
1
3°pip2\®
44p5 u
3

9. Suppose there are L-goods in the economy and a consumer’s Marshallian de-
mand function is given by

w
xe(p,w) = T ve.
k=1Pk

(a) Find the Slutsky matrix S(p,w).
Solution: The row ¢, column % of the Slutsky matrix is:

0x¢(p,w) N dx¢(p,w)
opp ow

Ser(p,w) xr(p,w)

I ( = ) ( = )
= O.

So the Slutsky matrix is the L x L zero matrix:

0 --- 0
S (p ’ w) = . .
0 --- 0
That is, the substitution effects for this demand function are all zero. Can
you guess the utility function corresponding to this demand function?

(b) Show whether it is negative semi-definite.
Solution: A zero matrix is negative semi-definite.

(c) Show whether it is negative definite.
Solution: A zero matrix is is not negative definite.

10



(d)

Show whether it is symmetric.

Solution: A zero matrix is symmetric.

10. Consider the following two-period consumption and savings problem. There
is a single good which costs p in both periods. The consumer’s utility from
consuming x7 amount of the good in period 1 and x9 amount of the good in
period 2 is given by u(x1,x2). Assume that u(-) satisfies the standard properties.

The consumer receives wealth W in period 1 and no wealth in period 2. How-
ever, any wealth she doesn’t spend in period 1 can be saved at interest rate r.
That is ¥1 saved in period 1 returns ¥(1 +r) in period 2.

(a)

(b)

What is the budget constraint for the consumer?
Solution: Letting S denote the amount of savings in period 1, we obtain

pxy = W-S8
pxg = (1+r)S
p
= + — = W
px1 1 +rx2

This equation implies that we can treat UMP and EMP in this setup as an
ordinary UMP and EMP, with p as the price of good 1 and % as the price
of good 2.

Find the income and the substitution effects of p on x1.

Solution: The expenditure function e(p,r,u) is the value function for the
EMP:

. p
min pxi1+——x2 s.t. u(xg,x9)=1u.
x1,%2 1+r

The associated Lagrangian is

£ = px1+ x9 + plu — u(x)].

1+r

Applying the envelope theorem, we obtain

de(p,r,u) 0%

0p ap x7,%5,1*

= hi(p,r,u)+ ho(p,r,u).

d+r)

Next, since the relative “prices” of good one and good two,

p

L= 1+1,
Tor

do not depend on p, % = 0. That is, the substitution effect with respect to
changes in p is zero.

Differentiating both sides of the identity

hi(p,r,u) = x1(p,r,e(p,r,u))

11



yields

K]
—x1(p,r,e(p,r,u))

0
_hl(p9r7u)
op

op
S 0 = 0x1(p,r,e(p,r,u))
op
+(6x1(p,r,e(p,r,u)))(ae(p,r,u))
ow Oop
dx1(p,r,W) (axl(p,r,W))( 1 )
= h =
ap + 5w 1(p,r,u)+ 1_i_rhg(p,r,u)
dox1(p,r,W) (0961(p,r,W)) ( 1 )
bt AT C AR it AV S AR W)+ ——
ap aw xl(p,ry )+1+rx2(p7r,W)

_(axl(p,r,W))(K)
\Sf—‘ ow p)

N

IE
(¢) Find the income and the substitution effects of r on xo.
Solution: Using

Oe(p,r,u) 0% -p )h( )
A, = A PR ),
or 0r lur g ue 1+r2)"?P
we obtain
0 0
_hz(p5r7u) = _xz(p,r,e(P,r,u))
or or
_ dxa(p,r,e(p,r,u))
or
+(axg(p,r,e(p,r,z,t)))(Oe(p,r,u))
ow or
_ Oxa(p,r,W) (dxz(p,r,W))( -p )
- ar 7 ow 172 ) 2Pt
dxo(p,r,W) th(p,r,u)+(0x2(p,r,W)) p )x( W)
or B or ow 1+7r)? 2PTs
—_——— —_ _
SE IE

11. Good ¢ is a substitute for good & if ——= 6h‘ (p Y0, Itisa gross substitute if —552— O¢ (p w) >
0.

(a) Is the property of being substitute a symmetric relationship? That is, is ¢
a substitute for % if and only if % is a substitute for ¢?

Solution: Yes,
Ohe(p,u) Ohp(p,u)

opk Opy

12



(b) Suppose good 7 is a substitute for 2. What further restrictions are needed
to ensure that it is a gross substitute?

Solution: Slutsky equation yields

O0xe(p,w) Oho(p,u) O0xe(p,w)
= - xp(p,w)—————.
opr opr . ow
[ — -~
SE (+) IE

Since SE is positive by assumption, we need good 1 to be either (i) inferior
or (i1) normal with |IE| < |SE].

12. A good is said to be Giffen if its own price effect is positive; that is, % > 0.

Let u(x1,...,xn) = x1 + Pp(x9,...,xn), Where ¢ is concave, be a quasilinearl utility
function. Show whether any good can be a Giffen good for this utility function.

Solution: The first order conditions for utility maximization problem are:

(1) 1= Ap:

Op(xg,..., %)

(2) Vi#£l, < Ap; (=0ifx; >0)

Ox
3) px' =w,
which yields
Op(xs,...,x%) .
4) Vi#l, u < 2L (<0ifx >0)
axi P1
., W—Dp2X;—..—DpNX,
(5) xf = 2 a
b1

These first order conditions tell us that w does not affect the optimal consump-
tions of goods 2,...,N and that all the wealth effect is absorbed by good 1. There-
fore, for i #1, g;ii = % < 0. Since good 1 has to absorb all the wealth effects,
this in turns means good 1 must be normal. Therefore, none of the goods can

be Giffen.

13. A utility function u(-) is said to be additively separable if it has the form u(x) =
uilxy) +...+ur(xg).

(a) Show that a linear transformation ié(-) = au(-) + b, where a > 0, of an addi-
tively separable utility u(-) is also additively separable.
Solution: Suppose u(-) is additively separable. Then,

L
a (Z ug(x[)) +b
=1
L b
Z (aug(xg)+ z)

/=1

au(x)+b

13



(b) Show by example that additive separability need not be preserved if the
transformation is merely strictly increasing and not linear.
Solution: Let u(x) = x1 +x9 and let f(u) = u?. Then u(x) is additively
separable but
fux) = (x1+x9)% = x% +2x1%9 + x%

is not additively separable.

(c) Suppose u(-) is additively separable such that u.(-) is strictly concave for
all . Show that none of the goods can be inferior.
Solution: Differentiating the budget identity (Walras Law) with respect
to w yields

o (& 0
E (; x0(p, W)) Y
axé(l’ w)

[\/]h

:1
So, there must be at least one good, say good &, such that M > 0.
Next, letting x* = x(p,w) and differentiating the first order condltlon for

UMP with respect to w to yields:

0 (Ou(x*) _ 0 (p[ oulx™ ))
ow\ 0xy T dw\pr Ox
0 (6ue(x;) 0 ( gauk(xk))
ow\ Oxy ~ owl\pr Oxp
62u[(x;) (ﬁ _ 62uk(x;;) (%)
Oxg ow axz ow
— N — ~——
(=) by s. concavity (=) by s. concavity (+) by above

Therefore, % > 0 for all ¢ as required.

14. We say that a utility function is additively separable if u(x) = Z’;j us(xy), where
u¢(xp) is the utility gained from consuming x, amount of good ¢.

(a) Must a strictly increasing transformation of an additively separable utility
also additively separable? That is, is @(x) = f(u(x)), where f(:) is a strictly
increasing function necessarily additively separable?

Solution: No. Let f(u) = u?. Then,

2
flulx) = (Z uz(xé)) ,

¢

which is not additively separable.

14



(b) Suppose u,(-)’s are all strictly concave and differentiable. Show whether
any good can be an inferior good.
Solution: Since p-x(p,w) = w by Walras’ Law, if w increases to w’, then
the demand for at least one good must increase, call it good %. Letting x*
be the demand when wealth is w and x’ the demand when wealth is w’,

we have
ou ou ou ou
Oug :ﬂ(_k )<ﬂ(_k ):_f = ) >al.
Oxglx,  pp\0xg lx, Pk \Oxp, lx; Oxy lx;

where the inequalities follows from the fact that u,’s are all strictly con-
cave. Therefore, demands for every good must increase. L.e., they are all
normal goods.

15. Suppose Marshallian demand x(p,w) is homogeneous of degree one with re-
spect to w.

(a) Show that
Oxi(p,w) _ xi(p,w)

ow w

Solution: Differentiating the HD1 identity with respect to a then setting

a =1 yields
0x;(p,aw) oax;(p,w) wxi(p,aw)
= > —— = x;i(p,w)
oa oa ow
oxi(p,w)  xi(p,w)
ow w

(b) Show that the law of demand holds for uncompensated price changes. That

is, show that
deDpx(p,w)dp <0 foralldp.

Solution: Rearranging Slutsky equation yields

6x1 le
X135~ Xo5+
D,x(p,w) = S(p,w)—| v "=gw
15w *2%w
X1 X1
X15, X2,
= Sp,w)- 5 B by Part(a).
w xZw

Since S(p,w) is negative semi-definite, we only need to show that the ma-
trix representing the wealth effect is positive semi-definite. We have

IR ]
Ty T
22 X2
fX,'lw XQw

T x1x1dp1+xax1dpe X1xX2dp1+xexadps
d ” ” dp

dp =

x%dp% +x9x1dpodpi +x1x9dp1dps +x§dp§

w
_ (x1dp1 +x2dpr)® .
w

0.
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16. (MWG 3.1.4) Show that if u(x) is quasilinear with respect to the first good (and
we fix p1 = 1), then CV(p°, pt,w)=EV(p°, p',w) for any (p°, p,w).

Solution: Typo: This question is (MWG 3.1.5). Indirect utility function for
quasilinear utility can be written as v(p,w) = w + ¢(p) (See, for example MWG
3.D.4(b)). Therefore, we have

v(P®,w+EV) = v(pt,w) = w+EV +¢(p%) = w+¢(ph)
= EV = ¢(pH)-p(p°)

vipl,w-CV) = v(P°,w) = w-CV +¢(pYH) = w+¢(")
= CV = ¢(pH-o(p°).

17. A consumer with utility function u(x1,x9) = x1 + x2 has income w and faces pos-
sible changes in the prices from p0 =(1,2) to p1 =(2,1).

(a) Calculate the effect on the consumer’s welfare arising from this price change
using both the equivalent variation and the compensating variation.
Solution: The demand and the indirect utility functions for this utility
function are:

w e D1
(0’p_2) 1fp—2 >1
x(p,w) = any (x1,x2) on the budget line if z—; =1
w e D1
(}7_1’0) 1fp—2 <1
A T |
.
U(p’w) = if D2 1

1
wofA o
P1 P2

Since v(po,w) —w= v(pl,w), we have

v’ w+EV)=v(p',w) = EV=0, and
v(pt,w-CV)=v(°,w) = CV =0.

(b) Which of the two measures are bigger in this example? What is the main
reason for this result?
Solution: Here, CV = EV because the consumer can achieve exactly the
same utility under both price-wealth combinations. Note that it is not the
perfect substitutability that is driving the result. Had the utility function
been u(x1,x2) = min{x1,x9}, which has zero substitutability, we would still
have CV =EV =0.
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18. Consider the utility function u(x1,x9) = (xl)% + (xz)%. For the following, restrict
attention to interior solutions.

(a)

(b)

(c)

Derive the consumer’s Marshallian demand function and the indirect util-
ity function.
Solution: The first order conditions are:

0 1
ulo _ SG - Apr =0,

0x1
ou(x) 1 _1
=— 2 —Apg =0.
3%y 2(xz) P2

Dividing yields:
1
x2 2
—21:& = xzz(&) X1.
x2 P2 P2
1

Substituting into the budget constraint yields:

P1
pP1x1+p2 —) x1=w.

b2

Thus,
w 2W 1w
x1(p,w) = P2 wpuw=—LY - and
p1+§ p1p2+p1 P1p2t Dy
: :
w w
v(p,w) - (L2) + (L2) .
bip2+p7 b1p2+p5

Verify that the demand function is homogeneous of degree zero and satis-

fies Walra’s law.
Solution: For a >0,

x1(ap,aw) = (apz)aw) = P2t
nes (ap1)ap2)+(@p1)?  pips+p?
(ap1)aw) piw
xo(ap,aw) = =

(ap1)ap2)+(aps)®  pips +p3

paw piw
R R B
b1ip2+py b1p2+py

h
Good i and good j are called substitutes 1f 7 > 0 and complements 1f T

0. Using the Slutsky equation, determine whether the two goods in this
example are complements or substitutes.

Solution:
Ax"( ,U) k) I F) I
1 p — xl(p9 )+.’X,'2(p,_[) x]_(pa )
op2 op2 oI
~ I(puoz+p§)—p1pzl+ il ( Py )
(p1p2 +p2)? p1p2+p3 \p1p2+p?

I(p1p2+p%)—p1p2l + p1pal
(p1p2+p2)

17



Thus, the goods are substitutes.

19. Consider a consumer who has utility function u(x1,x2) = x1 + x2 and is facing a
price change from p® = (1,1) to p! =(1,2).

(a)

(b)

()

Find the equivalent and the compensating variations measures of welfare
change.

Solution: At p0 the Marshallian demand is the entire budget line {(x1,x2) :
x1 +x2 = w}, and the consumer’s indirect utility is v(p,w) = w. At p! the
Marshallian demand is the boundary bundle (w,0), and the consumer’s
indirect utility is v(p',w) = w. Therefore,

w=v(p’,w+EV)=v(pl,w)=w = EV=0
w=v(pL,w-CV)=v(p®,w)=w = CV =0

Find the change in the consumer surplus.
Solution: Since CS is between EV and CV, CS must be zero as well.
Which of the two measures is larger? Give an intuitive explanation.

Solution: EV and CV are same in this example because there is no wealth
effect.

20. For the following, assume that there are only two goods in the economy.

(a)

Suppose prices change from p° to p!, where p(l) < p} and pg = p%. Show
whether the equivalent variation or the compensating variation is larger
for this price change.

Solution:

0 .1 Py 1
EV(p~,p-,w) = ) hi(p1,p-1,u")dp1
Py

0 .1 p? 0
CV(p,p,w) = | hi(p1,p-1,u’)dp:
P

Since p° < pl, u® = v(P°w) > v(p',w) = ul. Therefore, e(pl,pg,uo) >

e(pl,pg, ul) for all p1. If good 1 is normal, this implies that

x1(p1,p9,e(p1,p5,u%) > x1(p1,p3,e(p1,p9,u'))
=  hi(p1,p%e(@1,p9,u") > hi(p1,p5,e(p1,p3,u'))
= EV > CV since pg<pi.
If good 1 is inferior, this implies that
x1(p1,p3,e(p1,pg,u0)) < x1(p1,pg,e(p1,pg,ul))

= hi(p1,p5e(p1,p9,u”) < hi(p1,p%e(p1,pS,ub))
= EV < CV since pg<pi.

18



(b) Now, suppose the prices of both goods change. That is, prices change
from (p(l),pg) to (p%,pé), where p? # p} and pg # p%. Express the equiva-
lent variation and the compensating variation in terms of the appropriate
Hicksian demands.

Solution:

EV(p°,ptw) = e(p®,ul)—e(p®,u’) = e’ u')-e(p’,ul)

e(p(l)ap(2)7u1)_e(p%ap(2)’u1)+e(piapgyul)_e(piapéaul)
p

P

e(pl,ul)—e(pl,uo) — e(pO’uO)_e(pl’uO)

% Py
h1(p1,p9,ut)dp1 +f1 h1(pl,p2,ut)dps.
Py

cv®,pt,w)

e(p?,p3,u%) —e(pl, pd,u’) +e(pl, p3,u’) —e(pi, pi,u®

P 00 P 1 0
fl hi(p1,pg,u’)dp1 +[1 hi(p1,p2,u’)dps.
Pl p2

21. In the following, let EV(p°, p',w) and EV(p°, p?,w) denote the equivalent vari-
ation measure of welfare change between (p°,w) and (p!,w) and between (p°,w)
and (p2,w), respectively. Let CV (p°, p!,w) and CV(p°, p?,w) denote the analo-
gous for compensating variation measure of welfare change. Note that we are
considering cases in which the individual’s wealth does not change.

(a) Show that the equivalent variation measure gives a correct welfare rank-
ing of p! versus p2. That is, EV(p°, p!,w) > EV(p°, p2,w) if and only if
v(pt,w)>v(p? w).

Solution: We have

EV(®°,ptw)>EV(p° p? w)
= e(p®,v(p!,w) - e(@’,v(p°w)) > e(p®,v(p?,w)) — e(p®,v(p°,w))
— e(pO,v(pl,w)) > e(po,v(p2, w))

— v(pl,w) > v(pz, w) since e(po, u) is increasing in u.

The steps (b)-(d) below construct an example where CV (p°, p!,w) and CV(p°, p',w)
do not give a correct welfare ranking of p! versus p?. First, let u(x) = x1 + ¢p(x2),
where ¢(-) is increasing and strictly concave. This utility function is an ex-
ample of a quasilinear utility function, which is linear in one of the goods (x1

in this case). In the following, assume that ¢(-) is differentiable and that the
Marshallian demand will be interior (i.e., x(p,w) > 0).

(b) Show that good 1 is a normal good and that the wealth effect on good 2

. - . . . Oxo(p,w) _
(the nonlinear part of the quasilinear utility) is zero (i.e., =% = = 0).
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(d)

Solution: Assuming interior solution, the first order condition for the util-
ity maximization problem is the “MRS = price ratio” condition:

ou

6_361 1 P1 I P2
—_ = = — > (/) (x2) = —.
u Pxg)  p2 p1

Since the last equation doesn’t involve x1, x2(p,w) can be found by solving
the equation for xo (see for example, PS1, Q1). Thus, we have

xz(P’w>=<¢>’>_l(@) _, Jxlp,w)
p1 ow

w - paxe(p,w) _ Oxilp,w) 1
p1 Ow p1

=0 since x9(p,w) does not depend on w

x1(p,w) = >0.

Let p° = (p(l), pg), and obtain p! from p° by lowering the price of good 1
slightly. That is, p! = (p}, pg) for some pi < p?. Next, obtain p? from
p° by lowering the price of good 2 until v(p!,w) = v(p?,w). That is, p? =
(p?,p%), where pg <p(2) and v(p!,w) = v(p?,w). Show that EV(p°,pl,w) =
EV(p°, p?,w), meaning EV ranks p! and p? correctly.

Solution: Since v(pl,w) =v( pz, w) by construction, we have

EV(°,ptw)=e(@’,v(p’,w) -e(@’,v(p’,w))
=e(p’,v(p?,w)) - e’ v(p°,w) =EV(°,p*w).
Note in particular this means that E'V correctly determines that the indi-
vidual likes p! and p? equally.

Show that CV(p°, pl,w) < CV(p°, p%,w), meaning CV ranks p' and p?
incorrectly.

Solution: As shown in the lecture, we have p{ < p(l) and good 1 is normal.
Therefore, CV(p°, pl,w) <EV(p°, p',w). Moreover, since the wealth effect
on good 2 is zero, CV(pO,pz,w) = E’V(po,pQ,w). Thus, we have

cv®,pt,w)<EV(p® pt,w)=EV(°,p?%,w)=CV(p°,p*w).
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2 Aggregate Demand

1. MWG 4.D.6

Solution: Since u(-) is homothetic, its indirect utility function v(p,w) is HD1
in w. (See, for example MWG 3.D.3(a)). Therefore,

av( ) w) 6 U( ,w‘)
vip,ywi) = yuip,wy) = RYWE o CYUP, Wi
0}/ y=1 a)/ y=1
= M w; = U(p,Wi) = av(p7wi) — U(p,wi).
ow; y=1 ow; w;

Now, consider the social welfare maximization problem and the associated La-
grangian:

max Zailnvi(p,wi) s.t. Zwi=w
i

wi,...,wWg i

< = Zailnvi(p,wi)+7t
i

w—Zwi .
i

The first order condition is, for all i,

0L a; 0vi(p,w;) B

= A = 0.
ow; vi(p,w;) Ow;
Using, above, we obtain
ai  vilp,w;) _ 1
vilp,wi)  w;
a;
= w; = 7
Zi a; l

= w = w,; ‘_
Z A A

= Ww; = q;w.

2. Suppose there are two consumers with identical utility function
1
ui(x1,%2;) = x1; +(x2;)?

where x/; denotes good ¢ for consumer i, and identical wealth w; = % For the
following, restrict attention to interior solutions only.

(a) Show that the aggregate demand function can be expressed as a function
of price and aggregate wealth.

Solution: Interior first order conditions for utility maximization yield

Ou; 2
0x1; 1 P1 b7
LI 1,72 2
0x9; 2x2i 2
_ _wi p1
P1X1; + pexei=w; = X13 = — — .
p1 4p2
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(b)

(c)

The wealth expansion paths of the two consumers are clearly parallel
lines: % = pll and % = 0. Thus, aggregate demand can be expressed
as a function of prices and aggregate wealth.
Find the aggregate demand function, x(p,w).
Solution: Summing the demand functions of the two consumers yields
2
w(p,w) = w p1 Py
’ p1 2ps’ 2p3

Show whether the aggregate demand satisfies the compensated law of de-
mand.
Solution: One can calculate the Slutsky matrix S(p,w) and show that it
is negative semi-definite, or recognize that x(p,w) is a demand function
for quasi-linear utility

1
_ 1 2
u(xq,x2)=x1+ (_\/Q) x5
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