Advanced Microeconomics I

Fall 2023 - M. Pak

Problem Set 5: Suggested Solutions

1. Consider an Edgeworth box economy where preferences are given by
ui(x11,x21) =x11+Inxe;  and  uglx1g,%22) = x12X29,
and the initial endowments are

w1=(1,3) and wo=(3,1).

(a) Using the normalization pg = 1, Find all the Walrasian equilibrium. You
may assume that the solution is interior.
Solution: To find consumer 1’s Marshallian demand, we solve

max x11+1Inxg1 s.t. pixi1+pexe1 =p1+3pe

Setting MRS = price ratio yields
P1

X991 = —.
p2

Substituting this into (3) yields:

3p2

P1
P1x11+p2 (—) =p1+3p2 => x11=
P2 pP1

Note that this also shows that there are no boundary solutions in this case.
So, Marshallian demand for consumer 1 is:

_(3p2 p1

x1(p1,p2)=|—,—|.
P1 P2

To find consumer 2’s Marshallian demand function, we note that her util-
ity function is a Cobb-Douglas utility function, so the demand function is
given by

3p1+p2 3p1 +p2)
2p1 7 2p2 )

Now, we find the equilibrium prices by normalizing ps = 1 and looking for

market clearing prices for the market for good 2:

x2(p1,p2) = (

ps 3pr+1
x21(p1, 1) +x22(p7, 1) = wa1 + weg = T1+1T =4

.7
:IJIZE.



So, the Walrasian equilibrium price vector is p* = (%,1), and the corre-
sponding Walrasian equilibrium allocation is:

. (15 7) . (13 13)
X =|—=,=| and x9=|—,—].
7°5
(b) Verify that the first welfare theorem holds.
Solution: At the Walrasian equilibrium allocation, we have

* * 13
Xo1 _ 1/ _ X 5 7
= T 18§
1 Xy = 5

Since MRSl| £ = MRSg| % (x7,x3) is Pareto optimal, as required.

(c) Can the allocation % = (£1,%2) = ((1,1),(3,3)) be supported as a Walrasian
equilibrium with transfers? If yes, find the supporting prices and trans-
fers. If no, explain.

Solution: At allocation %, we have

MRS, =&y =1
3

MRSy="2_3_1
X192 "3

= MRS1=MRS>.

Thus, % is Pareto optimal, and the Second Welfare Theorem implies that
we can support this allocation as an equilibrium with transfers. The sup-
porting prices are given by the MRS of the consumers at this allocation.
That is, g—; =1. With our normalization, we get p =(1,1). So, for transfers,

T1=(p1,02) (X11,%21) — (P1,02) (w11,w21)
=(1,1)-(1,1)-(1,1)-(1,3)=-2
To=-T1=2.

2. Consider a Robinson Crusoe economy where the consumer’s utility function is
1
u(x1,x9) = 2Ilnx; + Inxg and the production function is f(z) = z2. Suppose the
consumer’s endowment is w = (5,0).

(a) Letting w and p9 be the prices of good 1 and good 2, respectively, find the
firm’s unconditional input demand, supply, and profit functions.
Solution: The firm’s profit maximization problem is:

1
max pgz2 —wz
z

. p2 _1
FOC is: ?z 2—w=0 = Z(pz,w)—4

2

2%

2) P2
p2 pz

P2, p2 2w 4w2 T 4w’

y(pz,w)—(



(b)

()

(d)

As usual, assume that all the profits of the firm goes to the consumer in

this economy and find find the consumer’s demand function.

Solution: In this example, the consumer’s demand can be easily found by

transforming the utility function into a standard Cobb-Douglas form and

applying the usual formula. However, as a practice, we’ll find the demand

by actually solving the optimization problem. The consumer’s problem is:
132331612( 2Inx; +1nxe  s.t.  wx1+ poxe Swwi+ pawa + (pa,w).

2
p

= £ =2Inx1+Inxg+A 5w+4—2—wx1—p2x2 .
w

Assuming interior solution:

0L 2

1) =——-Aw=0
6.761 X1
¢ 1
2) —=—-Ap2=0
0xg X9
0 2
(3) ﬁ=5w+f—5)—wx1—p2x2=0.
From (1) and (2) we can get:
2 2
X1 b2 w

Substituting this into (3) yields:

2

2
w (_px2) + poxg =bw + P2
w 4w

5w + % ~ 2 (5w + %)
and x1(w,p2) =
3p 3w

Suppose prices are (w, p2) = (1,1). Using a single diagram, graph the con-
sumer’s utility-maximizing consumption bundle and the firm’s profit max-
imizing production plan. Is this a Walrasian equilibrium price vector?
Explain.

Solution: When (w, p2) =(1,1), 2(1,1) = 1 and y(1,1) = 3, while x1(1,1) = £
and x9(1,1) = %. The graph of the economy is given in figure 1. As this
figure shows, at prices (w, p2) = (1,1), markets do not clear. For example,

=  xa(w,p2) =

7 1
x2(1,1)21¢0+§:w2+y(1,1).

Find all the Walrasian equilibrium using the normalization pg = 1.
Solution: We solve for the market clearing condition for good 2:
1
5w + e 1

1) = wg + y(w,1 — - =,
xo(w,l)=w2 +y(w,1) = 3 o = w 5

Thus, Walrasian equilibrium price is (w*, p3) = (%, 1), and the correspond-
ing Walrasian equilibrium consumption and production plans are (x7,x5) =
(4,1) and (2%,y") =(1,1).
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Figure 1: Production and Consumption Plan at (w, p2) =(1,1)

3. Consider a 2 x 2 production model where the two firms’ production functions are

2 1 1 1
fi(z11,221) = 2,25, and fa(z12,222) = 27925,-

The aggregate factor endowments are 2; = 10 and z5 = 10, and the prices of the
output goods are p; =10 and p; = 10.

(a) Verify that the production of good 1 is relatively more intense than the

production of good 2.
Solution: Recall that for a generic CRS Cobb-Douglas production func-
tion,
b,
fi(z1j,22;) = Z?}ZQ;,
we have

ajwe

biwi\%
j )q'

bj
) g and zzj(wf,ws,l):(ajw2

z1(wi,wy,1) = (b "
J

a;jws J b .
le(wl,wg,l) By q (ajLUQJ J (ajwz)“f _ajws

z9j(wi,we,1)  (biw1)%
a;jwsz

bjwi bjwiy bjwi’

since aj +b; = 1 in our case. Therefore,

2 1
z11(wy,we,1) W2 2ws S W2 _ 32 z12(w1,ws,1)

zo1(wi,we,1)  sw; w1 w1 %wl z92(w1,w2,1)

[y

(b) Find the equilibrium factor prices.
Solution: To find the candidates for factor market equilibrium prices, we
solve the two zero-profit conditions. The unit cost function of a firm with
standard Cobb-Douglas production function is

b. a;
a;\/ bi\Y b
cj(wi,wz,1)= (b—J) + (a_J) ] w‘ll’w2’.
J J




Thus, the zero profit condition for firm 1 yields

2\3 (1\3 2
3 3 23 O EA R I 3
10 = T + 5 w1w2 =23 + 5 wl 9= 890w w2
3 3
10 \3 148.12
2
= =|——=]| =148.12 = = .
Wit (1.890) T

The zero profit condition for firm 2 yields

w]
148.12
wi = ( ) =5.92
25
. 148.12
5.92

To be sure that this the equilibrium, we need to check that the ratio of
the aggregate factor endowments. Z—l = % =1 fall between the two firms’

factor intensity ratios at these prices:

z11(wi,wy,1) 2wy  2(4.2 423 w: zpwiw:,l)
1103, ) 20y A 3):1.43>1>0.71:—3:—2=12#,
zo1(wi, w3, 1) wj 5.92 592 w; zowj,wy,1)

as required.

(¢) Find the equilibrium factor allocation. What are the output levels in the
equilibrium?

Solution: Using the conditional factor demand from part (a), we have,

1

211wy, wy,1) = % 3 = (2(54;9223))3 =1.126

3 , .
zo1(wi,wy,1) = m ' =( ) =0.788

2(4.23) 2(4.23)
z12(wi,wy,1) = 3429 ;=(423) =0.845

T 156.92) 5.92

1(5.92)\* (5.92

zoo(wi,we,1) = ;(4.23) = (4 23) =1.183.

Next, we find the scaling required to clear the factor markets. That is we
find, @ >0 and > 0 so that az(w],w;,1)+ fz(w],w;,1) = 2. We write this
as a column vector equation to make the scaling clearer.

1.126
0.788

N 0.845
p 1.183

[ 10
“ 110




The first equation yields

10-0.8450

=8.881-0.750p.
1.126

Substitute this into the second equation to obtain

(8.881—0.7506)(0.788) + 1.183p = 10
10-8.881(0.788)  3.002

1.183-0.750(0.788) ~ 0.592

a =8.881-0.750(5.071) = 5.078.

=5.071

= f=

Therefore, the equilibrum output levels are ¢] = @ =5.071 and ¢; = =
5.078. And the equilibrium factor allocations are:

zi1(wi,wy,q7)=5.071(1.126) =5.710
2w}, w},qt) = 5.071(0.788) = 3.996
210w, wh,q7) = 5.078(0.845) = 4.291
z99(wi,wy,q7) =5.078(1.183) = 6.007.

To verify that the markets indeed clear, note that z7; +z7, =5.710+4.291 =
10.001 = 2z and 23, +25, = 3.996+6.007 = 10.003 = 10 = z3. The discrepan-
cies are rounding errors.



